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On factorization of operators between Banach spaces
Eugene Tokarev
Abstract. A finite-dimensional analogue GLfin(X) of the known Gordon-
Lewis constant GL(X) of a Banach space X is introduced; in its definition are
used only finite rank operators. It is shown that there exist Banach spaces X
such that GLfin(X) is finite and GL(X) is infinite. Moreover, for any Banach
space X of cotype 2, the finite-dimensional constant GLfin(X) < ∞.
1. Introduction
Let X,Y be Banach spaces; u : X → Y be a (linear, bounded) operator.
This operator is said to be L1-factorable if there exists a measure µ and operators
v : X → L1(µ); w : L1(µ) → Y
∗∗ such that kY ◦ u = v ◦w, where kY is a canonical
embedding of Y into Y ∗∗. It is clear that for any L1-factorable operator u
γ1(u) := inf{‖v‖ ‖w‖ : kY ◦ u = v ◦ w} <∞,
where the infimum is taken over all possible factorizations of u.
Grothendieck asked ([1], problem 2, p. 78):
Whether there exists absolutely summing operators which are not L1-factorable?
Gordon and Lewis [2] answered this question in affirmative. At the same time
they showed that there exists a wide class of Banach spaces X with the following
property:
(GL) Every absolutely summing operator u : X → Y where Y is an arbitrary
Banach space is L1-factorable.
This class contains all spaces with the local unconditional structure (shortly,
l.u.st.), which were introduced in [2]. Recall that according to [3] a Banach space
X is said to has the l.u.st. if and only if its second conjugate is isomorphic to a
complemented subspace of some Banach lattice. Particularly, the class of all Banach
spaces having the l.u.st. contains all Banach lattices. The result of [2] further was
improved (see e.g. [4], p. 107); now it is known that if a Banach space X is of
cotype 2 and has the l.u.st. then each its subspace enjoy the property (GL).
Gordon and Lewis [2] defined for a given Banach space X a constant
GL (X) = sup{γ1 (u) /π1 (u) : u : X → Y },
where the supremum is taken over all Banach spaces Y and all absolutely summing
operators u : X → Y (here and below π1 (u) denotes the absolutely summing norm
of an operator u). In their solution of the aforementioned Grothendieck problem
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a sequence (un)n<∞ of finite rank operators (un : X → l
(mn)
2 ) was constructed in
such a way that sup{γ1 (un) /π1 (un) : n <∞} =∞.
Let us define a finite dimensional version of the Gordon-Lewis constant:
GLfin(X) = sup{γ1 (u) /π1 (u) : u : X → l2; dim u(X) <∞}.
It is clear that GLfin(X) =∞ implies that GL(X) =∞.
However in a general case may be a situation when for a given Banach space
X constants GLfin(X) and GL(X) are essentially different. To be more exact, it
this article will be shown that for some Banach spaces X the constant GLfin(X)
is finite and GL(X) is infinite.
The question of the full description of a class GL of those Banach spaces that
has the property (GL) (i.e. those Banach spaces X for which GL(X) <∞) is open.
In the article it would be shown that a class of all Banach spaces X for which
GLfin(X) <∞ contains the class of all Banach spaces of cotype 2.
2. Definitions and notations
Let B denotes a class of all Banach spaces. For X,Y ∈ B let B(X,Y ) be a
Banach space of all bounded linear operators u : X → Y (equipped with a strong
operator topology).
Let 1 ≤ p ≤ ∞. An operator u ∈ B(X,Y ) is said to be
• p-absolutely summing, if there is a constant λ > 0 such that
(
∑
j<n
‖u (xi)‖
p)1/p ≤ λ(
∑
j<n
|〈xi, f〉|
p)1/p
for any f ∈ X∗ and any finite set {xi : i < n;n <∞} ⊂ X .
Its p-absolutely summing norm πp (u) is the smallest constant λ.
• p-factorable, if there exists a such measure µ and operators v ∈ B(X,Lp(µ));
w ∈ B(Lp(µ), Y
∗∗) such that kY ◦ u = w ◦ v, where kY is the canonical
embedding of Y in its second conjugate Y ∗∗, and the symbol ◦ denotes the
composition of operators.
Its γp-norm is given by
γp (u) = inf{‖v‖ ‖w‖ : kY ◦ u = w ◦ v}.
• p-integral, if there exists a such probability measure µ and such operators
v ∈ B(X,L∞(µ)), w ∈ B(Lp(µ), Y
∗∗) that kY ◦ u = w ◦ϕ ◦ v, where ϕ is an
inclusion of L∞(µ) into Lp(µ).
Its p-integral norm is given by
ιp(u) = inf{‖v‖ ‖ϕ‖ ‖w‖ : kY ◦ u = w ◦ ϕ ◦ v}.
• Nuclear, if there are sequences (fn)n<∞ ∈ X
∗; (yn)n<∞ ∈ Y such that for
all x ∈ X
u (x) =
∑
n<∞
fn (x) yn.
Its nuclear norm ν1(u) is given by
ν1 (u) = inf{
∑
‖fn‖ ‖yn‖ : u (x) =
∑
n<∞
fn (x) yn},
where the infimum is taken over all possible representations of u.
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A Banach space X is said to be of cotype 2 if there exists such a constant
c <∞ that for any n <∞ and any subset {xi : i < n} ⊂ X(∑
i<n
‖xi‖
2
)1/2
≤ c
∫ 1
0
∥∥∥∥∥
∑
i<n
rk (t)xk
∥∥∥∥∥ dt,
where rk (t) are Rademacher functions.
It is well known that the space Lp is of cotype 2 for all p ∈ [1, 2].
3. Main results
Definition 1. Let Y be a Banach space of cotype 2. It will be said that X ∈ B
is the Pisier’s space for Y , if following conditions are satisfy.
1. Y is isometric to a subspace of X.X and X∗ both are of cotype 2.
2. Any operator u : X → l2 is absolutely summing; any operator v : X
∗ → l2
is absolutely summing.
3. There is a constant λX such that for any finite rank operator u : X → X its
nuclear norm ν1(u) satisfies the estimate ν1(u) ≤ λX ‖u‖.
4. If X contains a subspace isomorphic to l1 then its conjugate X
∗ contains a
subspace isomorphic to l2.
5. Any operator w : l2 → X is 2-absolutely summing; the same is true for every
operator s : l2 → X
∗.
The famous result of J. Pisier [5] shows the existence of the corresponding
Pisier’s space X for any Banach space Y of cotype 2.
Theorem 1. There exists a Banach space X such that GL (X) = ∞ and
GLfin(X) <∞.
Proof. Let X ∈ B be a space which is the Pisier’s space for L1[0, 1]. Certainly,
it has subspaces that are isometric to l1 and to l2. Let l2 be isometric to a subspace
X2 →֒ X and i : l2 → X2 be the corresponding isometry. Recall that X is of cotype
2 and that each operator u ∈ B(X, l2) is absolutely summing. Let u : X → l2. The
composition w = i ◦ u acts on X , is absolutely summing and is L1-factorable if and
only if u is. Assume that u has a finite dimensional range, i.e. that dim(u(X)) <∞.
Then w is also a finite rank operator. Hence, its nuclear norm ν (w) may be
estimated as ν (w) ≤ λ ‖w‖, where λ does not depend on w. Thus,
γ1 (u) = γ1 (w) ≤ ι1 (w) ≤ ν (w) ≤ λ ‖w‖ ≤ λπ1 (w) .
This sequence of inequalities implies that
γ1 (u) ≤ λπ1 (u) .
Recall that u was an arbitrary operator of finite dimensional range. Hence,
GLfin(X) <∞.
Let us show that for a special choosing of u : X → l2 such inequalities may be
not longer true. Indeed, according to [5], if X contains a subspace isomorphic to l1
then its conjugateX∗ contains a subspace (say, Y2) which is isomorphic to l2. Let j :
l2 → Y2 be the corresponding isomorphism; ‖j‖
∥∥j−1∥∥ <∞. Because of reflexivity,
Y2 is weakly* closed and, hence, there exists a quotient map h : X → (Y2)
∗ which
generates a surjection H : X → l2: H = (j2)
∗ ◦ h. From our assumptions on
properties of X follows that the conjugate operator H∗ is L∞-factorable and is
2-absolutely summing. Clearly, H∗ induces an isomorphism between l2 and H
∗(l2).
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However this property contradicts with π2 (H
∗) <∞. Hence, H cannot be factored
through L1 (µ).
Theorem 2. For every Banach space of cotype 2, GLfin(X) is finite.
Proof. Let a Banach space Y is of cotype 2. It can be isometricaly embedded
in a corresponding Pisier’s space XY , which has the same properties as was listed
above. Let T : Y → l2 be an absolutely summing operator. Then T is 2-absolutely
summing and, consequently, 2-integral, i.e. admits a factorizations T = k ◦ j ◦ s,
where s : X → L∞(µ); k◦j : L∞(µ) → l2. Because of injectivity of L∞(µ), s can be
extended to s : XY → L∞(µ). The corresponding operator T = k◦j◦s : XY → l2 is
2-absolutely summing too and extends T . Recall that from properties of XY follows
that T is absolutely summing. Assume that T has a finite dimensional range. The
same is true for T . From theorem 1 follows that T is L1-factorable. Hence T is also
L1-factorable.
Remark 1. From [6] follows that if there exists some p > 2 such that the
space lp is finitely representable in X ∈ B then X contains a subspace Z for which
GLfin(Z) is infinite.
Problem 1. Whether every Banach space Z which is not of cotype 2 contains
a subspace which does not enjoy this property?
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